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Abstract 

The universal i?-matrix for a class of esoteric (non-standard) quantum groups 
U q (gl(2N + 1)) is constructed as a twisting of the universal i?-matrix 1Zs of the 
Drinfeld-Jimbo quantum algebras. The main part of the twisting element J- is 
chosen to be the canonical element of appropriate pair of separated Hopf subal- 
gebras (quantized Borel's B(N) C U q {gl{2N + 1))), providing the factorization 
property of J-. As a result, the esoteric quantum group generators can be ex- 
pressed in terms of the Drinfeld-Jimbo ones. 



1 Introduction 



Quasitriangular Hopf algebras (quantizations of universal enveloping Lie algebras U (g)) 
and quantum groups (deformations of algebra of functions on Lie groups Fun(G)) are 
the subject of active research during the last decade originated in famous Drinfeld's 
report [|1|] . There are different starting points of the quantum group theory: generators 
and defining relations 0] , i?-matrix or solution to the Yang-Baxter equation (FRT 
approach) || , deformation quantization or star product |4| . Although up to now there 
is no complete transformation theory of quantum groups, particular studies of twistings 
are of great importance ||. 

In this paper a twisting element T is constructed giving the esoteric quantum group 
of m |7j as a deformation of the Drinfeld-Jimbo quantum group (the standard one) 
and the corresponding universal i?-matrix from that of quantum U q (gl(2N + 1)). The 
question of relation between TZfg an d TZs y i a twisting was already discussed in Refs. [§, 
|TI| within the FRT-approach and in terms of matrix 2-cocycles x on quantum groups, 
which are the images of "universal" twisting elements in the fundamental representation 
of the quantum algebra: xiT] , T*) = Fff. Below we are dealing with a quasitriangular 
Hopf algebra A only fixing appropriate Hopf subalgebras in it. The latter ones can be 
considered as mutually dual and the twisting cocycle T is given by the corresponding 
canonical element J2 e i ® e 1 G B(N) ® B(N)* op (the subscript "op" means the opposite 
multiplication). 

The Letter is organized as follows. After reminding briefly the basic material on 
twisting of Hopf algebras (Sec. 2), we construct the universal twist for the U q (gl(3)) 
case, when the Cremmer-Gervais i?-matrix (found in [11] for gl(N)) coincides with 
the esoteric one. It is shown that knowing the universal twist one can express the 
FRT-approach generators in terms of the original quantum algebra generators. Sec. 4 is 
devoted to esoteric U q (gl(2N + 1)) for general N. The Letter is concluded by outlining 
few possible applications of twisting element. 
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2 Twisting of Hopf algebras 



A Hopf algebra A(m, A, s, S) with multiplication m: A ® A — > A, coproduct A: A - 
A (8) A, counit e: A — > C, and antipode S: A — > A (see definitions in Refs. |], [12 



can be transformed [13| with an invertible element J 7 £ A® A, J 7 = J2 fi ® /i 2 "* hito 
a twisted one »4.t(m, At, e, St). This Hopf algebra At has the same multiplication and 
counit maps but the twisted coproduct and antipode 

A t (a) = FA t (a)f-\ S t (a) = vS t (a) V -\ v = J2 f^Stf^), a e A. 

Sometimes it appears to be useful to combine twist with a homomorphism of A. The 
twisting element has to satisfy the identities 

(e®id){F) = (id®e)(F) = 1, (1) 



T X2 (A ® id) (T) = J- 23 (id ® A)(JF), (2) 

where the first one is just a normalizing condition and follows from the second relation 
modulo a non-zero scalar factor. 

A quasitriangular Hopf algebra A(m, A, e, S, 71) has additionally an element 1Z G 
A® A (a. universal .R-matrix) satisfying [0 

(A ® id){K) = Tl 13 Tl 23 , (id ® A) (ft) = ft 13 ft 12 . (3) 

The coproduct A and its opposite A op are related by the similarity transformation 
(twisting) with 1Z 

A op (a) =nA(a)n-\ a e A. 

A twisted quasitriangular quantum algebra A t (m, A t , e, S t , Ht) has the twisted univer- 
sal i?-matrix 

K t = <j{T)KT-\ (A) 
where a means permutation of the tensor factors: cr(f <8) g) = (g <8> /)■ 
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Although, in principle, the possibility to quantize an arbitrary Lie bialgebra has 
been proved jnj , an explicit formulation of Hopf operations remains a nontrivial task. 
In particular, the knowledge of explicit form of the twisted cocycle is a rare case even 
for classical universal enveloping algebras, despite of advanced Drinfeld's theory [ |15|j . 
Most of such explicitly known twisting elements have the factorization property with 
respect to comultiplication (cf.(^D) 

(A <g> id) (F) = JSs^is or (A <g> id) (J 7 ) = T X A 

and similar involving (id ® A). To satisfy the twist equation, these identities are 
combined with additional requirements ^12^23 = FizFii or the Yang-Baxter equation 
on T 0,0. 

In particular, a twisting element can be used to construct a nontrivial tensor product 



of Hopf algebras A and B JT§, [T8[ . Given an element J 7 £ A® B, P = Y< a i ® h such 
that 

(A.4 ® id) {?) = JVis, [id ® A B ) (J 7 ) = ^12^13, (5) 

one can define the twisted tensor product A®B coinciding with A <E> B as an algebra 
and endowed with a new coproduct 

A t (a ® b) = T 1A {id ®a® id)(A A (a) ® A B {b))T^, 

where JF 14 = yj a« ® 1 <8> 1 ® foj G (.A ® B) ® (.4. <g) 23) and the antipode 

S( a ® 6) = ^^(a) ® 

Taking i3 = .A* (the dual with the opposite multiplication) and the canonical element 
T = e i ® e * as a twisting cocycle, one gets [TO the dual to the Drinfeld quantum 
double 

D(A*) = (A®A* op )* . 

Let us note that the element JF can be replaced by (id ® <p) (J-) where (p is a Hopf 
automorphism of £>. Such a modification may be nontrivial if A <E> £> is embedded into 
a larger Hopf algebra 7^ and tp is not extended to an automorphism of entire TC. A 
twisting element of this kind with appropriate Hopf algebras A , A* op C U q (sl(2N + 1)) 
will be constructed in the next sections. 
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3 The Cremmer-Gervais universal i?-matrix for gl(3) 



^From the study of the quantum sl(N) Toda field theory [TTJ the Cremmer-Gervais 
solution to the Yang-Baxter equation Rqg was obtained, which was different from the 
standard one 

R s = q^2e u ® en + e»j <8> + u ^ e ij ® e ji, <? = e 7 , u = q - q~ x . (6) 

i v£j i<j 

The i?-matrix Rqg for N = 3 coincides with the Fronsdal-Galindo i?-matrix of esoteric 
quantum groups || [7| 

Rcg = Rs+ (p- 1) (en ® e 22 + e 22 ® e 33 ) 

+ (p~ 1 - 1) (e 22 ® en + e 33 <g> e 22 ) + (p 2 /g - !) e ii ® e 33 
+ (?/p 2 - l)e 3 3 ® en + gi/ (e 32 ® e 12 - p 2 / g 2 e i2 <g> e 32 ) . 



(7) 



Here p and ^ are two additional independent deformation parameters. 

The quasitriangular Hopf algebra U q (sl(3)) can be defined by the two triples of 
generators {hi, e*, /*}, i = 1, 2, subjected to the relations |], 



Q^ej = q ai =e jq h % q hi fj = q a »jjq hi , [e h fc] = 6 tj 



q hi 

q - q- 1 



e 2 k ei - (q + q x ) e k eie k + eie 2 kJ flfi - (q + q l ) fkfifk + fifl, k^l, (8) 

where the Cartan matrix elements are an = 2, au+i = ai+u — — 1. The coproduct on 
these generators reads 

A(hi) = hi ® 1 + 1 ® fa, A(e<) = e< ® g' 1 ' + 1 ® e i; A(/<) = /* ® 1 + g _/li ® (9) 

Having introduced elements corresponding to the composite root 

ei3 = eie 2 - qe 2 e 1 , f 13 = f 2 fi - g _1 /i/2, 



one gets the universal i?-matrix in the factorized form JT9, ^T|, |23| 

K s = q to exp g - 2 (u;e 2 <g> f 2 ) exp q - 2 (uje 13 <g> / 13 ) exp 9 - 2 (u;ei <g> /i), 
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(10) 



where to = J2ij( a ^ijK <8> hj is the canonical element of the Cartan subalgebra 
and the q-exponential is 

oo ™n oo n i 

^) = Er-TT = {n(l-(l-^ fc )r 1 ) [n;g]! = ^— -■ (11) 

n=0 L' 4 ' VJ- fc=0 V 1 

The new matrix elements of -Rcg i n Eq. (0) correspond to contributions of e\ ® / 2 
and fi ® ei in the fundamental representation. Although commuting with each other, 
the elements e\ and / 2 do not generate independent Hopf subalgebras because hi does 
not commute with / 2 nor does h 2 with ei. To overcome this obstacle let us extend 
U q (sl(3)) with the central element 

C = e u + e 22 + e 33 , h x = e u - e 22 , h 2 = e 22 - e 33 , 

and perform a diagonal twist to separate the above mentioned Hopf subalgebras 

= exp(~[en A e 22 + e u A e 33 + e 22 A e 33 ]) , q = e 7 . 

The twisted coproducts A t = JFAJF -1 of the generators e\ = eiq^ eil+e22 ^ and / 2 = 
f 1 q~h( e ' 22+e3 '^ do not contain common elements: 

A t (eO = e x <g> g 2e " + 1 <g> e u A t (/ 2 ) = / 2 <g> 1 + g 2e33 ® / 2 . 

The Hopf subalgebra generated by {e 33 , / 2 } appears to be dual but with opposite 

product B(l)* to the Hopf subalgebra 13(1) spanned by {en, ei}. So, the corresponding 
canonical element is 

J&) = exp q2 (jl h ® / 2 )g 2e "^33 (12) 

with independent parameter /x. This element can be used for further twisting already 
twisted U q (gl(3)). With extra diagonal twist depending on (en — e 33 ) ®C we get three 
parameter universal i?-matrix, reduced to (0) in the fundamental representation. 

Let us briefly discuss the relations among the FRT-generators of the Drifeld-Jimbo 
(standard) quantum algebra and the twisted one. Taking the first factor of A <8> A in 
the fundamental representation, we get three 3x3 matrices 

F 2 i = (p®id)a(F), 4 +) = (p®id)TZ Sl F 12 = (p®id)F, 
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entries of which are expressed in terms of the standard generators Multiplying 
these matrices one gets the L-matrix of the FRT-approach 

r(+) _ jp r(+)p-i 

entries of which are generators of the esoteric quantum algebra, adding the same for- 
mulas for 

41 = (P ® id) o{K c l G ) = F 2l L { s ] F{ 2 \ 



4 Universal R-matrix for esoteric quantum algebra 

The U q (sl{2N + 1) analogue of the .R-matrix (^) || ^] has quite a few non-zero entries, 
so we will not write it here. This .R-matrix Rfg can be obtained as the reduction 
to the fundamental representation of our final result - universal Hfg- Instead we 
start with the Drinfeld-Jimbo quantum algebra. The quasitriangular Hopf algebra 
U q (sl{2N + 1) is generated by 2N triples {hi, e», fa} satisfying relations (H) and having 
coproducts (|9D with i — 1,2, ... , 2N and three-diagonal Cartan matrix {a^}: an = 2, 
a ii+ i = a i+ u — — 1. Serre relations read 

e\ei - (q + q' 1 ) e k eie k + eie\, I = k ± 1, 

for two neighbouring root vectors and e k ei = eie k for distant ones. Similar equalities 
hold for fa generators. The ordered product of g-exponentials in the universal .R-matrix 
includes factors corresponding to all positive roots |T9], |2D|, |2T], ^3] : 



Ks = q U) II exp 9 - 2 (u;e Q ® f a ). 

Composite root vectors are defined according to 

e a+/ 3 = e a e/3 - qepe Q , f a+j3 = fpf a - q~ l f a fp, a < (3 . 

Following the procedure of the preceding section we fix two Hopf subalgebras B(N) = 
{hj, e/,j = i = 1, 2, . . . , N} and B_{N) = {h k , f k ; k = i = N + l, N + 2, 2N}. They 
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have elements and h^+i commuting nontrivially with //v+i and ejy. Extending 
U q (sl(2N + 1) by the central element C = J2i=i~ 1 e„ and performing the "diagonal 
twist" with 

AT+l 2JV+1 

jrW = CXp(-i7 A r + i A Zjv+l), #/V+l = J! e « ' ^+1 = X e fcfc ' ( 13 ) 
^ i=l fc=JV+l 

one gets two independent Hopf subalgebras of U q (gl(2N + 1). Their independence can 
be easily seen from the coproduct on new generators 

e t ^ ei , i < N, e N ^e N ei H "+\ f N+1 -> f N+1 e~^+\ £ -> i>W+l, 

TV 

A t ( e7V ) = ejy ® g ejVAr+Hjv + 1 ® ejy, #;v = £e«, 

i=i 

2JV+1 

Let us introduce "primed" notations i' = 2N+2— i and a^- = a2N+i-j, i,j = l,---N, 
corresponding to reflection of the Dynkin diagram for sl(2N + 1). Now we can identify 
the Hopf subalgebra B{N)_ = {e kk , / fc _ l5 k = N + 2, . . . , 2N + 1} with B(N)* op , the 
dual to B(N) = {en, ef, % — 1, . . . , iV} having the opposite product. The non- vanishing 
matrix elements of the pairing between the generators (a is a simple positive root) are 

^ 1) *^ Cq,, /q,' > 1 . 

Corresponding canonical element is given by the ordered product 

T^= f[ eK Vq ^ a e a ®g al )q ti)+HN ® ZN , (14) 

aG<I>+ 

where $ + is the set of all positive roots of sl(N + 1) and £o = Z) e M ® e^/. Element g a / 
coincides with / a / if a is a simple root and is defined by <7 a ' +( g' = g^g a ' — <C x 9a!9p f° r the 
case of composite roots. Because of the inverted ordering in primed roots compared 
to non-primed ones, g a > = f a > only for the simple roots. The element involves 
iV(iV + l)/2 parameters pL a among which those N corresponding to the simple roots 
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are independent and jj a +/3 = Actually, JF( 2 ) is not exactly the canonical element 

but related to it by the transformation of the kind just described (cf. the remark at the 
end of Section |2|). We deliberately make no difference between them so as to simplify 
the presentation. 

Due to the definition of the canonical element it satisfies the factorization properties 
(|5]). Hence one can take it as a twisting element J r ^ 2 \ There is still a part of the 
centrally extended Cartan subalgebra {en, i = 1, 2, . . . , 2N + 1} which is invariant with 
respect to the composition of two twists and JF^ 2 ). For iV = 1 its dimension is two: 
J2i=i ®i, ([eii, ei 2 ] A e 23 + ei 2 A [en, e 2 3]) = means 2a 2 = «i + a 3 ; in the general case 
that subalgebra is formed by {en — ei>i',C;i < N} (C is the central element). Hence 
there is a possibility for additional diagonal twisting with more parameters in resulting 
quantum algebra: 

jr(3) = eX p(A ifc ( ei i - e iH ,) A (e kk - e wv ) + B*(e« - e iV ) A C)). (15) 
Finally we arrive to the following 



Proposition. The esoteric quantum algebraUpQ^gl{2N + 1)) defined by the R-matrix 
of the type (Qj 0/ is a twisting of the quasitriangular Hopf algebra U q (gl{2N + 1)) 
with the twisting element T = J 7 ^ where are given by expressions ^T3j), 

fcL${), ^T9[), and the universal R-matrix 



That way twisted esoteric quantum algebra U q (gl(2N + 1)) and its universal .R-matrix 
have (N + l)(iV + 2)/2 parameters, which is in accordance with [ ID ]. 



5 Conclusion 

The explicit expression of the twist T has been obtained due to appropriate choice 
of initial diagonal twist providing two independent Hopf subalgebras. We hope that 



8 



a similar procedure could clarify interrelation between the Cremmer-Gervais quantum 
algebra and U q {gl{N)) for iV > 3. 

There are various possibilities to use the universal/algebraic twist: 

(i) relations among the FTR-approach generators of the twisted and original quantum 
algebras; 

(ii) evaluation of the Clebsch-Gordan coefficients (CGC) of the twisted algebra in terms 
of the original CGC and the matrix F = (p\ ® Pp)T in the tensor product of the irre- 
ducible representations V\ ® V^; 

(hi) explicit construction according to the quantum inverse scattering method of new 
integrable models corresponding to twisted i?-matrices in various irreducible represen- 
tations (cf 0). 



References 

[1] Drinfeld, V. G.: Quantum groups, in: A. V. Gleason, (ed), Proc. Inter. Congr. 
Mathematicians, Berkeley, 1986, AMS, Providence, (1987), pp. 798-820 

[2] Jimbo, M.: A q-analogue of U(gl(N + 1)), Hecke algebra and the Yang-Baxter 
equation, Lett. Math. Phys. 11 (1986), 247-252. 

[3] Reshetikhin, N. Yu., Takhtajan, L. A. and Faddeev, L.D.: Quantization of Lie 
groups and Lie algebras, Leningrad Math. J. 1 (1990), 193-225. 

[4] Flato, M. and Sternheimer, D.: On a possible origin of quantum groups, Lett. 
Math. Phys. 22 (1991), 155-160. 

[5] Fronsdal, C: Generalization and exact deformations of quantum groups, Publ. 
RIMS, Kyoto Univ. 33 (1997), 91-149; 

Jimbo, M., Konno, H., Odake, S. and Shiraishi, J.: Quasi-Hopf twistors for elliptic 



quantum groups, |q-alg/9712029 



Arnaudon, D., Buffenoire, E., Ragoucy, E. and Roche, Ph.: Universal solutions of 
quantum dynamical Yang-Baxter equations, |q-alg/9712037 . 



9 



[6] Fronsdal, C. and Galindo, A.: The universal T-matrix, Contemp. Math. 175 
(1994), 73-88. 

[7] Fronsdal, C. and Galindo, A.: Deformation of multiparameter quantum gl(n), 
Lett. Math. Phys. 34 (1995), 25-36. 

[8] Hodges, T.: On the Cremmer-Gervais quantization of SL{n), |q-alg/ 9506018] . 

[9] Hodges, T.: Nonstandard quantum groups associated to certain Belavin-Drinfeld 



triples, |q-alg/9609029 



[10] Jacobs, A. D. and Cornwell, J. F.: Twisting 2-cocycles for the construction of new 
non-standard quantum groups, |q-alg/9702028| . 



[11] Cremmer, E. and Gervais, J.-L.: The quantum group structure associated with 
non-linearly extended Virasoro algebras, Comm. Math. Phys. 134 (1990), 619- 
632. 

[12] Chari, V. and Pressley, A.: A Guide to Quantum Groups, CUP, 1994. 

[13] Drinfeld, V. G.: Quasi-Hopf algebras, Leningrad Math. J. 1 (1990), 1419-1457. 

[14] Etingof, P. and Kazhdan, D.: Quantiztion of Lie bialgebra, I, preprint, Harvard 
University, 1996. 

[15] Drinfeld V.G.: On constant quasiclassical solutions to the quantum Yang-Baxter 
equation, DAN USSR, 273 (3) (1983), 531 - 535. 

[16] Reshetikhin, N. Yu. and Semenov-Tian-Shansky, M. A.: Quantum R- matrices and 
factorization problems, J.Geom.Phys. 5 (4) (1988), 533-550. 

[17] Reshetikhin, N. Yu.: Multiparametric quantum groups and twisted quasitrian- 
gular Hopf algebras, Lett. Math. Phys. 20 (1990), 331 - 335. 

[18] Mudrov, A. I.: Quantum deformations of the Lorentz algebra, Phys. Atom. Nucl. 
60 (5) (1997), 848-859. 



10 



[19] Rosso, M.: An analogue of the P.B.W. theorem and the universal _R-matrix 
U h sl(N + l), Comm. Math. Phys. 124 (1989), 307-318. 

[20] Kirillov, A.N. and Reshetikhin, N.Yu.: g-Weyl group and a multiplicative formula 
for universal R- matrices, Comm. Math. Phys. 134 (1990), 421-431. 

[21] Levendorskii, S. Z. and Soibelman, Ya. S.: The quantum Weyl group and a mul- 
tiplicative formula for the i?-matrix of a simple Lie algebra, Func. Anal. Appl. 25 
(1991), 143-145. 

[22] Khoroshkin, S.M. and Tolstoy, V.N.: Universal _R-matrix for quantized (super) 
algebras, Comm. Math. Phys. 141 (1991), 559-617. 

[23] Tanisaki, T.: Killing forms, Harish-Chandra isomorphysms, and universal R- 
matrices for quantum algebras, Int. J. Mod. Phys. A 7, Supp. IB (1992), 941- 
961. 

[24] Kulish, P.P. and Stolin, A. A.: Deformed Yangians and integrable models, Czech. 
J. Phys. 47 (12) (1997), 1207-1212; 

Chaichian, M., Kulish, P.P. and Damaskinsky, E.V.: Dynamical systems related 
to the Cremmer-Gervais i?-matrix, Teor. Mat. Fiz. 121 (1998) (to be published), 
q- alg/9712016. 



11 



